Abstract. The equivariant Euler characteristics of the buildings for the symplectic groups over finite fields are determined.
Introduction
For a prime power q, Sp 2n (F q ), the isometry group of the symplectic 2n-geometry, acts on the poset L * 2n (F q ) = {0 U F 2n q | U ⊆ U ⊥ } of nonzero totally isotropic subspaces.
Definition 1.1. [2]
The rth, r ≥ 1, equivariant reduced Euler characteristic of the Sp 2n (F q )-poset L * 2n (F q ) is the normalized sum χ r (Sp 2n (F q )) = 1
of the Euler characteristics of the induced subposets C L * 2n (Fq) (X(Z r )) of X(Z r )-invariant subspaces as X ranges over all homomorphisms of the free abelian group Z r on r generators into the symplectic group.
The generating function for the negative of the rth equivariant reduced Euler characteristic is the power series 
The first generating functions FSp r+1 (q, x) for 0 ≤ r ≤ 5 are 1, 1 1 − x , 1 (1 − qx) 2 .
1
(1 − x)(1 − q 2 x) 3 , 1 (1 − qx) 4 (1 − q 3 x) 4 , 1 (1 − x)(1 − q 2 x) 10 (1 − q 4 x) 5 With r = 3, for instance, we have − χ 4 (Sp n (F q )) =      3q
2 + 1 n = 1 6q 4 + 3q 2 + 1 n = 2 10q 6 + 6q 4 + 3q 2 + 1 n = 3
for small values of n.
Regarding q not as the variable in the polynomial ring Z[q] but as a fixed prime power, the generating function can be expressed in the following alternative way. Figure 1 ). According to Theorem 6.13, λ n d∈B(λ) 1≤i≤E(λ,d)
where the sum ranges over all partitions λ of n, B(λ) is underlying set of λ, and E(λ, d) the multiplicity of d ∈ B(λ) in λ.
The following notation will be used in this paper: p is a prime number ν p (n) is the p-adic valuation of n n p is the p-part of the natural number n (n p = p νp(n) ) Z p is the ring of p-adic integers q is a prime power F q is the finite field with q elements 2. The symplectic group Sp 2n (F q ) Let q be a prime power and n ≥ 1 a natural number. The symplectic 2n-geometry is the vector space V 2n (F q ) = F 2n q of dimension 2n over the field F q equipped with the nondegenerate [1, Definition 3.1] alternating ( u, v = − v, u ) bilinear form given by (2.1)
for all u = (u 1 , . . . , u n , u −1 , . . . , u −n ), v = (v 1 , . . . , v n , v −1 , . . . , v −n ) ∈ V 2n (F q ). The symplectic 2n-geometry is the orthogonal direct sum, e 1 , e −1 ⊥ · · · ⊥ e n , e −n , of the n hyperbolic planes e i , e −i , 1 ≤ i ≤ n [1, Theorem 3.7] . The symplectic group Sp 2n (F q ) = {g ∈ GL + n (F q ) | gJg t = J} is the group of all automorphisms of the symplectic 2n-geometry [6, §2.7] . The center of Sp 2n (F q ) is trivial if q is even and of order 2 if q is odd [1, Theorem 5.2] .
A subspace U of the symplectic geometry (V 2n (F q ), ·, · ) is totally isotropic if U, U = 0. The symplectic group acts on the poset L * 2n (F q ) of all nontrivial totally isotropic subspaces. Since all vectors are isotropic, u, u = 0, all 1-dimensional subspaces are in L * 2n (F q ) (and L * 2 (F q ) is simply the set of 1-dimensional subspaces of V 2 (F q )). When the prime power q is even, Sp 2n (F q ) ∼ = SO 2n+1 (F q ) [6, Theorem 2.2.10].
Characteristic polynomials of symplectic automorphisms
Definition 3.1. [12, Definition 3.12] The reciprocal of a degree n polynomial p(x) = a 0 x n +a 1 x n−1 +· · ·+a n−1 x+a n over F q with nonzero constant term is the degree n polynomial p * (x) = a 0 +a 1 x+· · ·+a n−1 x n−1 +a n x n = x n p(x −1 ). The polynomial p is self-reciprocal if p * = p.
The operation p(x) → p * (x) is involutory, multiplicative, and divisibility respecting (p * * (x) = p(x), (p 1 (x)p 2 (x))
2 ) on the set of polynomials p(x) ∈ F q [x] with p(0) = 0. The multisets of roots for a polynomial and its reciprocal correspond under the inversion mapF
n + a 1 x n−1 + · · · + a n−1 x + a n is self-reciprocal if and only it has a palindromic coefficient sequence, 
are self-reciprocal irreducible monic polynomials of even degree at least 2, and the s j (x) are non-self-reciprocal irreducible monic polynomials distinct from x − 1. Conversely, any polynomial with a canonical factorization of this form is a self-reciprocal monic polynomial.
Proof. Let p(x) = r i (x) ei be the canonical factorization. Since p(x) is monic and self-reciprocal, p(0) = 1, and
ei where r * i (x)/r i (0) are irreducible monic polynomials [18, Remark 2.1.49]. Thus the multiset of the irreducible factors of p(x) is invariant under the involution r(x) ←→ r * (x)/r(0). Group the irreducible factors into those fixed by this involution and pairs interchanged by it. An irreducible factor of degree ≥ 2 is fixed by the involution if and only if it self-reciprocal according to Lemma 3.5. Any irreducible linear factor, which has the form x − α for some α ∈ F × q , is fixed by the involution if and only if α = ±1 (α = 1 when q is even). Thus p(x) has a canonical factorization of the form shown in the proposition. When q is odd, the multiplicity, a − , of the factor x − 1 is even because 1 = p(0) = (−1) a− . Conversely, if p(x) has a factorization as in the proposition, then (x − 1) a− is self-reciprocal as a − is even, and as also the other factors, x + 1, r
All factors on the right hand side of the formula of Proposition 3.6 are self-reciprocal. The exponent a − is even while a + has the same parity as the degree of p. 
For odd q, the 
for all prime powers q. When m is odd,
Proof for odd q. When computing SRIM − 2 k m (q) from formula (3.8), only divisors of m matter so
Lemma 3.12. For all n ≥ 1,
Proof. Assume the prime power q is odd.
This finishes the proof for odd q. Assume that q is an even prime power. In degree 1, SRIM We recursively compute the generating functions FSp r (x)(q), r ≥ 1, of Theorem 1.3.
Proof. The first equivariant reduced Euler characteristic is the usual reduced Euler characteristic of the orbit
= 0 for all r ≥ 1 unless the order of g ∈ Sp 2n (F q ) is prime to q. Proof. Suppose q is a power of the prime p. Let g be an element of Sp 2n (F q ) whose order is divisible by p.
For any abelian subgroup
= 0 for all r ≥ 1. Lemma 4.3. For n ≥ 1 and r ≥ 1, the (r + 1)th equivariant Euler characteristic of the
where the sum ranges over semisimple conjugacy classes in Sp 2n (F q ).
Proof. This is a special case of a general formula for equivariant Euler characteristics [14 
and the contribution, − χ r (C L2n(Fq) * (g), C Sp 2n (Fq) (g)), to the sum − χ r+1 (Sp 2n (F q )) of Lemma 4.3 from g is
with a sign change similar to that of [17, Lemma 4.3] . The characteristic polynomial induces a bijection between the set of semisimple classes in Sp 2n (F q ) and the set of self-reciprocal polynomials of degree 2n [24, §3.1] [26]. We conclude from these facts that − χ r+1 (Sp 2n (F q )) equals
where the sum runs over all (a − , a 
Equation (4.8) below uses T S -transformed generating functions (Definition 4.7) to succinctly express the recurrence relation for χ r+1 (Sp 2n (F q )). Definition 4.6. M n = {λ}, n ≥ 0, is the set of all multisets of pairs of natural numbers
e(mn,dn)
The first of the sets M n are
(In the definition below we take the liberty of freely using general terminology for multisets defined Subsection 6.1).
Definition 4.7. [16, Definition 3.1] The S-transform of a, T S (a), is the polynomial sequence with
as its nth term for every n ≥ 1.
We can now express the content of Lemma 4.3 by the recurrence
where the generating functions FGL ± r (x) of [16, (1. 3)] and [17, (1.2) ] have been transformed relative to the polynomial sequences (SRIM ± d (q)) d≥1 . We now start the computation of the product of these two transformed generating functions. First, a well-known lemma:
where we use the Möbius inverse,
, of the left equation of (3.8).
Lemma 4.10.
Proof. Thanks to the identity of Lemma 4.9 it is easy to determine
Lemma 3.12
Observe that
From recurrence (4.8) and Lemma 4.10, we get that the second generating function is 
by using properties of the T SRIM ± (q) -transform [16, Chp 3] and Lemma 4.10. When q is even, the computations are essentially identical.
Proof of Theorem 1.3. The formula of Theorem 1.3 is the solution to the recurrence (4.8) given the result of Lemma 4.12.
Proof of Corollary 1.4. The logarithm of the (r + 1)th generating function FSp r+1 (q, x) is
The binomial formula applied to right hand side of Theorem 1.3 gives the more direct expression
where the sum ranges over all the Elementary properties of the binomial coefficients imply that the generating functions satisfy the recurrence FSp 1 (q, x) = 1 and
for all r ≥ 1. 
where 4.1. An alternative presentation of the equivariant reduced Euler characteristics. In this section we expand the equivariant reduced Euler characteristics after the variable r rather than the variable n as in (1.2) . This means that we shall consider the power series
The following lemma generalizes [16, Lemma 5.30] slightly and the easy proof is similar.
, and (c n ) n≥1 be integer sequences such that
where µ is the number theoretic Möbius function [10, Chp 2, §2] and it is understood that c 0 = 1.
Proof. The first identity is clear as
The third identity of the lemma follows by comparing coefficients of x n in this equality of power series. Theorem 1.4 and the lemma above show that
for all n ≥ 1 and r ≥ 0. (With the convention that − χ r+1 (Sp 0 (F q )) = 1 for all r ≥ 0 and all prime powers q, this identity holds also for n = 1.) Using the power series (4.15), we rewrite this recurrence relation in the more succinct form
where the sum on the right ranges over all the 2 n−1 ordered partitions [i 1 , . . . , i t ] of n. It is possible to write this power series in a perhaps more accessible form.
Let λ be a multiset that partitions the integer n (see Subsection 6.1 for multiset terminology). Then
is the length of the cycle type λ conjugacy class in the symmetric group Σ n (where n = b∈B(λ) bE(λ, b)).
Let [λ] denote λ presented as a nonincreasing finite integer sequence
is the set of all sign functions on λ. For each sign function ε ∈ {−1, +1}
[λ] on λ, consider the polynomial
. Also, let ε = i∈[λ] ε(i) be the product of all the values of the sign function ε on [λ] . By grouping together all the ordered partitions of n belonging to the same (unordered) partition we arrive at the following expression for the generating function GSp 2n (q, x). Proposition 4.18. For any fixed integer n ≥ 1,
where the outer sum ranges over all partitions λ of n.
The first few cases of the generating functions GSp 2n (q, x) of Proposition 4.18 are
expresses that the coefficient of x r in GSp n (q, x) and the coefficient of x n in FSp r+1 (q, x) (4.13) coincide.
Proof of Theorem 1.5
Let p be a prime and, as in the previous sections, q a prime power. (The prime p may or may not divide the prime power q although it will soon emerge that p q is the most interesting case.) In this section we discuss the p-primary equivariant reduced Euler characteristics of the Sp 2n (F q )-poset L * 2n (F q ) of nonzero totally isotropic subspaces. As in Section 7, Z r p denotes the product Z × Z r−1 p of one copy of the integers with r − 1 copies of the p-adic integers.
of reduced Euler characteristics.
In this definition, where Z p denotes the ring of p-adic integers, the sum ranges over all commuting r-tuples (X 1 , X 2 , . . . , X r ) of elements of Sp 2n (F q ) such that the elements X 2 , . . . , X r have p-power order. The first pprimary equivariant reduced Euler characteristic is independent of p and agrees with the first equivariant reduced Euler characteristic.
The For r = 1, the p-primary equivariant reduced Euler characteristic and the equivariant reduced Euler characteristic agree, χ p 1 (Sp 2n (F q )) = χ 1 (Sp 2n (F q )), and for r ≥ 1, as in Lemma 4.3,
where the sum runs over p-power order conjugacy classes in the symplectic group. The rth p-primary generating function at q is the integral power series The order of f , ord(f ), is the least positive integer e for which f (x) | x e − 1. Let a and n be relatively prime integers. The multiplicative order of a modulo n, ord n (a), is the order of a in the unit group (Z/nZ) × of the modulo n residue ring Z/nZ.
where the first equation is from [16, §5] .
Lemma 5.6. Assume p q. Let D = ord p (q 2 ) and let f ∈ F q [x] be a self-reciprocal irreducible monic p-power order polynomial of degree 2d for some d ≥ 1. Then 
The irreducible factors of x 
for all d ≥ 1.
• Self-reciprocal irreducible monic p-power order polynomials of degree ≥ 2 in F q [x] are the irreducible factors of degree ≥ 2 of the cyclotomic polynomials Φ p j , where j ≥ 1 and p j | (q n + 1) for some n ≥ 1 • Irreducible monic p-power order polynomials of degree ≥ 2 in F q [x] are the irreducible factors of degree ≥ 2 of the cyclotomic polynomials Φ p j , j ≥ 1 For all pairs (p, q), where p is a prime, q is a prime power, and p q, and for all r ≥ 1, the p-primary analogue of (4.8),
is a consequence of recurrence (5.2). Note here that a semisimple g ∈ Sp 2n (F q ) has p-power order if and only if all the irreducible factors in its characteristic polynomial, described in Proposition 3.6, have p-power order. This is because multiplication by x in the F q [x]-module F q [x]/(r(x)), where r(x) is irreducible with r(0) = 0, has p-power order if and only if r(x) has p-power order by [12, Lemma 3.5] . Also note that in Proposition 3.6 with odd q, the polynomial (x + 1) has even order and is therefore allowed only when p = 2.
The proof of Theorem 1.5 consists in verifying that the solution to recurrence (5.10) satisfies the infinite product expansion
Since the infinite product expansions of FGL
we must show that
for all N ≥ 1 and all r ≥ 0. This task is simplified by the following observation similar to [16, Lemma 5.5] . We say that the two prime powers prime to p are in the same p-class if they generate the same closed subgroup of the topological unit Z × p . More concretely, if we let
then q 1 and q 2 are in the same p-class, q 1 = q 2 ≤ Z For fixed r ≥ 1, we know from [16, Corollary 5.8] and [17] that the p-primary generating functions FGL ± r (p, q, x) only depend on the p-class of q. Thus (5.10) implies that this holds also for the generating function FSp r (p, q, x). Thus it suffices to verify (5.11) for all primes p and for all p-classes of prime powers q prime to p. Below is a detailed argument in case q = 3; the other cases are similar and details are left out. Proposition 5.13. Equation (5.11) holds for all N ≥ 1 and all r ≥ 0 when p = 2 and q = 3 2 e , e ≥ 0.
5.1.
Proof. Consider first the case q = 3. For any d ≥ 1,
and Lemma 5.6 shows that x 2 + 1 is the only self-reciprocal irreducible monic 2-power order polynomial in F 3 [x] of degree ≥ 2 as such a polynomial must divide
We must show that Equation (5.11), which in this particular case becomes,
holds for all N ≥ 1 and r ≥ 0: By inspection, Equation (5.14) is satisfied when N = 1, 2. When N ≥ 3 is odd, a n , n ≥ 1. Then s = a * 1 where a(1) = −1, a(2) = 2, and a(n) = 0 for n ≥ 3. 
From this we see that the left side of (5.14) multiplied by 2 m ,
equals the right side of (5.14) multiplied by 2 m . Thus (5.14) holds for all N . When q = 3 2 e with e > 0, ν 2 (q n + 1) = ν 2 (q 2n − 1) − ν 2 (q n − 1) = ν 2 (2n) − ν 2 (n) = 1 for all n ≥ 1 and Lemma 5.6 shows that there are no self-reciprocal irreducible monic 2-power order polynomials of degree ≥ 2 in F q [x] as they must divide
We must show that Equation (5.11), which in this particular case becomes, holds for all N ≥ 1 and r ≥ 0. The detailed argument is omitted, however, since it is very similar to the proof of Equation (5.14).
Proposition 5.15. Equation (5.11) holds for all N ≥ 1 and r ≥ 0 when p = 2 and q = −3 2 e , e ≥ 0.
Proof. Let p = 2 and q = −3 (or q = 5). Since ν 2 (q n + 1) = 1 for all n ≥ 1 there are no self-reciprocal p-power order polynomials with coefficients in F q . We find that SRIM − ≥1 (2, q) = 0 and that SRIM and its verification proceeds similarly to that of (5.14). When q = −3 2 e for some e > 0 (for e = 1, 2, 3, alternatives are q = 7, 47, 97) we find that ν 2 (q n + 1) is 1 if n is even and e + 2 if n is odd. We must take all irreducible monic factors of the cyclotomic polynomials Φ p 2 (x), . . . , Φ p 2+e (x). Since ord p j (q) = 2 for 2 ≤ j ≤ 2 + e, the irreducible factors all have degree 2 and there are and its verification proceeds similarly to that of (5.14).
Example 5. 16 . The values of the sequence c r+1 (2 m , 2, 3),
found in Proposition 5.13 leads to the product expansion
of the 2-primary generating function FSp r+1 (2, 3, x) at q = 3. For small r,
For e > 0
The first cases with q = 3 2 e for e > 0 are FSp 1 (3, 2   3 e , x) = FSp 1 ( 3 2 e , x) = 1 and
Here, 3 4 can be replaced by 17 and 3 8 by 97. The first cases for q = −3 are FSp 1 (2, −3, x) = FSp 1 (−3, x) = 1 and
The first cases with q = −3 Proof. Since q ≡ 1 mod p we have ν p (q n + 1) = 0 for all n ≥ 1. Then SRIM
As g is odd, recurrence (5.11) becomes
which is verified as above. 
Since the sequence IM d (p, q) is concentrated in odd degrees, the sequence SRIM
is the constant sequence 0 and SRIM
. Recurrence (5.11), which in this case becomes,
is verified for all N ≥ 1 and r ≥ 0 as above. Now suppose t = (p − 1)/s is even. Then
and recurrence (5.11),
can be verified as above. The first cases for q = 4 
Let p = 3 and q = 2 3 e , e ≥ 0. The nonzero numbers of self-reciprocal irreducible monic p-power order polynomials of degree ≥ 2 are
The
e , x) = 1 and
3. An alternative presentation of the p-primary equivariant reduced Euler characteristics. Consider the power series GSp n (p, q, x) = 
where the the functions r(λ), T (λ), and U (λ, ε, q) are as in Proposition 4.18.
The first few cases of the generating functions GSp 2n (p, q, x) for p = 2, q = ±3 There is a bijection λ n P (E(λ)) → M n between M n and the disjoint union over all partitions λ of n of the sets P (E(λ)). For a partition λ n, the multiset in M n associated to the partition tuple T ((a, λ)) a∈B(λ) ∈ P (E(λ)) under this bijection consists of all pairs of the form (a, b) , a) ). Let M n (λ) be the image of P (E(λ)) under this bijection. Also, let R(M n (λ)) be the image of M n (λ) under the involution of M n induced by the reflection (m, d) → (d, m) .
, and M 7 (λ) and R(M 7 (λ)) are the subsets
consisting of |E(λ)| = 6 multisets of pairs in M 7 . Observe that
for any polynomial sequence S.
Lemma 6.2. 
Proof. The nth term of the T S -transform (Definition 4.7) of the constant sequence (1, 1, . . .) is
where we used the set partition M n = λ n R(M n (λ)) of the set M n . Observe that
by construction of the set R(M n (λ)) (cf Example 6.1) and recall from Lemma 6.2 that
From these observations we get
proving the formula for T S (1 − x) −1 . By construction of the subset R(M n (λ)) it follows that
for all µ ∈ M n (λ). This explains the first equality of
while the second equality is (6.4). This justifies the formula for T S (1 + x) −1 , the T S -transform of the alternating sequence (−1, +1, −1, +1, . . .).
Next, we turn to T S (1 ± x). For λ ∈ P (n), a partition of n, let (1, λ) ∈ M n be the corresponding element
Only these elements of M n contribute to T S (1 ± x). The nth element of
in the notation of Definition 4.5.
Evidently the power series T S (1 ± x k ) ±1 equals the power series T S (1 ± x) ±1 evaluated at x k for any k ≥ 1.
6.2. The linear case. Based on the classical identity of Lemma 4.9,
we give short and purely combinatorial proofs of two polynomial identities due to Thévenaz.
Proof. Use Corollary 6.3 to identify the left side of Equation (6.5).
The coefficient of x n on the right side of the identity of Theorem 6.6 is q n − q n−1 when ε = −1 and 1 − q when ε = +1. In particular, the theorem specializes to the polynomial identities
at n = 1, 2, 3, 4. T
leads to polynomial identities.
Since the coefficient of x n in the power series 1+x 1−qx ε is q n + q n−1 when ε = −1 and (−1) n (q + 1) when ε = +1, Theorem 6.8 states that
for any integer n ≥ 1. In particular, for n = 1, 2, 3, 4, we have
leaving out all terms involving SDIM 
Since the coefficient of x n in 1 1−x ε is 1 for ε = +1, and −1 when n = 1 and 0 when n > 1 for ε = −1, Theorem 6.9 states that n − +n + =n n − ,n + ≥0 where the second equality is by construction of R(M n (λ)) (cf Example 6.1). A combinatorial exercise, involving base change between the bases (x n ) and q n , reveals that the polynomials T 
